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O. Introduction 
The cohomological dimension cd G of a group G is the projective dimension of 
the trivial G-module 7/. By examining the cohomology of the finite cyclic groups, 
one sees that cd G = oo if G has torsion. We may 'allow' a little torsion by consider- 
ing groups that are virtually torsion-free, i.e., groups having a torsion-free subgroup 
G' of finite index. If  G is virtually torsion-free, we define the virtual cohomological 
dimension of G by 
vcd G = cd G'. 
In [9], we defined a 'dimension' for discrete groups which generalizes the (virtual) 
cohomological dimension. This dimension may be finite even if G is (entirely) 
torsion; for instance, the dimension of a countable locally finite group is 1. Specifi- 
cally, we define the generalized cohomological dimension of G by 
cd G=sup{k[Ext~(M,F)~O, M Z-free, F G-free}. 
The generalized homological dimension hd G is defined analogously: replace 'Ext', 
'Z-free', 'G-free', with 'Tor', 'Z-torsion-free', 'G-cofree'. The original motivation 
for these investigations was to extend the theory of Farrell cohomology, but we 
believe that these new dimensions will prove interesting in their own right. 
In this paper, we investigate cd G for some interesting classes of groups. Section 
1 makes progress toward identifying the groups of dimension 0; the conjecture is 
that cd G = 0 if and only if G is finite. In Section 2, we obtain some new results on 
the behavior of cd with respect o extensions; as a byproduct, we obtain a bound 
on the dimension of a solvable group. Finally, the main result of Section 3 gives a 
bound on the dimension of a discrete subgroup of a Lie group. 
For the reader's convenience, we list some properties of cd G; proofs may be 
found in [9]. 
(0.1) In the definition of cd G, "G-free" may be replaced with "G-projective" or "G- 
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induced" in the definition of  hd (3, "G-coffee" may be replaced with "G-injective" 
or "G-coinduced ". 
(0.2) I f  H< G, cdH_<cd G, with equality if (G :H)<~.  
(0.3) I f  cd G = O, G is a torsion group; if G is finite, cd G = 0. 
(0.4) I f  vcd G = n < oo, then ed G = n. 
(0.5) I f  G=limlGa, where G~< G and III= 1~ k, then 
ed G_<sup ed Ga+k+ 1. 
I 
1. Groups of dimension 0 
It is known that vcd G=0 if and only if G is finite [3, VIII.11]. It is natural to 
make the following conjecture: 
(1.1) ed G=0 i f  and only if  G is finite. 
Observe that it suffices to prove the conjecture for finitely generated groups. For 
suppose the result is true for finitely generated groups, and let ed G = 0. Since by 
hypothesis every finitely generated subgroup of G is finite, G is locally finite. 
However, an infinite locally finite group has dimension _ 1, since every countable 
locally finite group has infinitely many ends [4, pp. 19-20]. Hence, G is finite. 
We would therefore be done if we could show: if G is finitely generated and 
cd G = 0, then G is finite. We'll see belowthat we come very close to success. To 
make this precise, recall that a group G is of type FPn if the trivial G-module Z 
admits a projective resolution which is finitely generated in dimensions _ n. One 
may easily show [1, 2.1, 2.2]: 
(1.2) G is of type FP1 if  and only if G is finitely generated. 
(1.3) G is of type FP  2 i f  and only if G is almost finitely presented. 
(Write G =F/R, where F is a finitely generated free group. Then G is almost finitely 
presented if the relation module Rab is finitely generated over G. It is not known 
whether this is equivalent to G being finitely presented.) 
We may now state our main result: 
(1.4) Theorem. I f  G is of type FP  2 and cd G = 0, then G is finite. 
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The proof will require some technical preliminaries. 
(1.5) Proposition (Strebel). Let G be a finitely generated group, H< G, (G : H) < oo. 
For any H-module M, (Coind~M) G = 0. 
Proof. See [12] or [13, Ili.5, exercise 4]. [] 
(1.6) Corollary. Let G be a finitely generated infinite group, I an injective G- 
module. Then IG = O. 
Proof. There is a 7/-split injection of G-modules 
0 ~ I~  Coind~ } I. 
Applying the coinvariants functor ( - )o  = Z®G- ,  we obtain an injection I c 
(Coind~l}I) c, and the result follows immediately from (1.5). [] 
The next result is a precise version of a result of Bieri [1, 3.6]. 
(1.7) Proposition. Let G be a group of type FPn, A an injective (divisible) abelian 
group. There is a natural map 
Ck : H,(G, Homz(ZG, A))~Homz(Hk(G, 7/G), A) 
which is an isomorphism for k < n and a surjection for k = n. 
Proof. For N a G-module, let N* denote the dual module Homo(N,7/G). For an 
arbitrary abelian group A, there is a canonical map O:Homz(ZG, A)®cN---" 
Homz(N*, A) given by the composition 
Homz(7/G, A) ®c N ~, Home(N* Homz(ZG, A)) = Homz(N*®~ F/G, A) 
= Homz(N* A). 
Here ~v(f®n) ={u~fo  u(n)} for fe  Homz(7/G, A), u eN*, neN,  the second map 
is the standard adjoint isomorphism, and the third map is the isomorphism induced 
by N*® G ZG=N*. (Explicitly, q~(f®n)(u) =f(u(n)), for f, u, n as above.) If F is a 
projective resolution of 7/and A is Z-injective, we have 
H.(Homz(F* A))--- Homz(H*(F*), A) - Homz (H*(G, ZG), A). 
The map #e is the map induced by # on homology. 
If N is a finitely generated projective G-module, the map ~v is an isomorphism 
[3, 1.8.3], [1, 3.1]. Let F be a G-projective resolution of Z which is finitely generated 
in dimensions _< n. The chain map 
: Homz(ZG, A)® o F-~Homz(F* A) 
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is an isomorphism in dimensions _< n. The conclusion follows immediately. [] 
(1.8) Lemma. (a) I f  cd G=n, then projectives have injective dimension <_n + 1. 
(b) I f  every projective has injective dimension <_ n, then cd G_  n. 
Proof. (a) Suppose cd G = n. Let P and M be G-modules, where P is projective. Let 
O~K = F~M-~O 
be exact, where F is G-free. Obviously, K is 7/-free. We have a long exact sequence 
• ..~Ext'~-l(K,P)~Ext'~(M,P)~Ext'fl(F, P)--,Ext~(K, P )~- . . .  
If re>n+ 1, Ext~- I (K ,P )=0=Ext~(F ,P ) ;  hence, Ext~(M,P)=0,  and 
inj dim P_< n + 1. 
(b) If projectives have injective dimension _< n, Ext , ( - ,  P )= 0 for m > n and P 
projective. Hence, cd G_< n. [] 
Remark. There is an analogue of (1.8) involving hd G, where 'injective' replaces 
'projective' and 'flat dimension' replaces 'injective dimension'. 
Proof of (1.4). Suppose G is FP 2 and cd G = 0. By (1.8), there is an exact sequence 
7/C -,I0-,Ii --0 
with I0, I1 injective. This yields a long exact sequence 
l-[ I (G, 7/G)"* H 1 (G, Io)-'* I l  1 (G, II)"~(7/G)G -'~(Io) G -'~ (/ l)G --*0. 
We analyze the second and third terms. Let A = [I Q/7/be an arbitrary product of 
copies of Q/7/. Applying (1.7) with n=2, 
I l l  (G, Homz(7/G, A)) = Homz(H l(G, 7/G), A) = O, 
as cd G = 0. This shows that Ill(G, (cofree))= 0, hence Ill(G, - )  vanishes on injec- 
tives. Our sequence now becomes 
(I0)o-  (Ii)o- 0. 
If G were infinite, (1.6) would yield (Io)c=O, a contradiction. Hence, G is 
finite. [] 
A close examination of the proof of (1.4) reveals that the full force of the 
hypothesis ed G = 0 was not used. Hence, it is possible that an extension of these 
techniques might yield an affirmative solution to (1.1). Note further that if we could 
obtain an infinite, finitely generated group of dimension 0, the group would auto- 
maticaUy be a counterexample to the Burnside conjecture. Of course, it has proved 
possible to construct very explicit counterexamples to the Burnside conjecture, e.g. 
by looking at automorphisms of trees [7]; it would be of interest o compute the 
dimensions of such examples. 
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2. Solvable groups and extensions 
The general extension problem may be stated as follows: given a group extension 
1 ~ G '~ G --, G" ~ 1, determine a bound for ed G in terms of ed G' and ed G". Partial 
results were obtained in [9]. We improve these results to obtain bounds when the 
quotient G" is abelian or vcd G"< ~.  
The extension propositions are used to give a bound for ed G for a solvable group 
in terms of its Hirsch number and cardinality. Recall that in the torsion-free case 
one has 
h(G)_<cd G<_h(G)+ 1 
(cf. [1, 7.10]). We obtained bounds for the generalized homological dimension hd G 
for a solvable group in [9]. 
(2.1) Proposition. Let  I~G'~G- - ,G" - - * I  be an extension o f  groups, with 
vcd G" < oo. Then 
cd G_<cd G '+ vcd G". 
Proof. First, observe that if cd G"< oo, the result follows easily by examining the 
Lyndon-Hochschild-Serre spectral sequence (cf. [9, III, Lemma 2]). 
In the general case, we have a diagram 
1 1 
1 ~G' , n - i F  , F ,1 
1"£ 
1 'G '  , G ,G" ,1 
G/~z-lF ~ , T 
1 1 
where the rows and right column are extensions (the central column is exact as a se- 
quence of sets). F is a subgroup of G" with cd F< oo, and T is finite. The column 
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1-~l t - l F~G~G/ l t - l F -+ l  consists of the obvious inclusion of i t - IF into G 
followed by the surjective set map of G onto the left cosets G/Tt-IF. The quotient 
map ~t:G~G6* induces a set map ~:G/n- IF -+T;  one checks that ff is bijective. 
Hence, (G : x - l F )<~,  so 
cd G=ed lt-lF_<cd G' +cdF=cd G'+ vcd G". [] 
We will use (2.1) to obtain bounds for the abelian quotient case. First, a technical 
lemma, 
6* (2.2) Lemma. Let ~t " G ~G6* be a surjection o f  groups. Suppose G"= lim Ga, where ---h 
G~ < G6* and the bonding maps in the direct system are inclusions. Then 
G =lira 1t-1G~, 
where the bonding maps are the inclusions obtained by "pulling back" those of  the 
first limit under 7t. 
Proof. An inclusion f~a: G~ ~U~ pulls back under it to an inclusion f~a: 7t-lG~ 
it- 1 G~; likewise, the inclusions f~: G~ ~ G 6. pull back to inclusions fa : 7t- 1 G~ ~ G. 
Since all the maps are inclusions, everything is compatible, and {lt-lG~,fp~,fa} is 
f f  • H * • N a direct system. Now G = hm G~ implies G"= U Ga, and since ~t is surjective, 
G = ~ 7t- 1G~. Hence, G = lira it- Ga. [] 
(2.3) Proposition. Let 1 --*G'--*G 
suppose IG" ] = l~ k. Then 
, G6*--, 1 be an extension with G" abelian, and 
cd G<_cd G '+rk  G"+k+ 1. 
Proof. Write G"=lim G~, where {G~} is the set of finitely generated subgroups. 
n " :' 
By (2.2), G=l im 7t-IGa. Then [9, Proposition 6] 
cd G <_ sup cd(lt- 1 G:) + k -I- 1. 
For fixed a, we have an extension 
1 --*G'--*1t-IG: --*G:-* 1 
where G: is a finitely generated 
cohomological dimension). By (2.1), 
So 
abelian group (hence of finite virtual 
6 .  H cd(Tt- lG~) _< cd G' + vcd Ga cd G' + cd Ga. 
cd G___ed G'+ sup ed G~+k+ 1 
= cd G' + sup vcd G~ + k + 1 
= cd G' + sup rk(G~) + k + 1 
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<_edG'+rk(G" )+k+ l. [] 
(2.4) Corollary. I f  G is abelian and [G I = l~k, then 
cd G _< rk(G) + k + 1. [] 
(2.5) Example. Any torsion abelian group of cardinality 1~ k has dimension < k + 1. 
E.g. 
cd(Z 2 @ 7/2 @---)-< 1. 
(2.6) Theorem. Let G be a solvable group with [G [ <_ 1~ k. I f  G has a solvable series 
of  length 1, then 
ed G<_. h(g)+ l(k + 1), 
where h(G) is the Hirsch number. 
Proof. We induct on 1. For 1= 1, the result is a consequence of (2.4). 
Suppose the result is true for groups of cardinality ___ ~k having a solvable series 
of length 1- 1. Suppose IG I < ~k, and let 
G = Got> Gl t> ... t> Gt = {1 } 
be a solvable series. We have an extension 
1 ~G 1 ~Go~Go/Gl - - "  1; 
since Go/Gl is abelian and IGo/Gll < 1~ k, (2.3) implies 
cd Go< ed G1 + rk(Go/G1)+ k + 1 
<<_ h(G1) + ( l -  1)(k+ 1) + rk(Go/G1) + k + 1 
=h(Go)+l (k+ 1). [] 
Heuristically, if we think of dimension as behaving 'additively' with respect to ex- 
tensions, the ' l(k+ 1)' term reflects the fact that we may, at each stage, extend by 
a locally finite group of cardinality 1~ k. Such a group has dimension ___ k + 1. 
3. Discrete subgroups of Lie groups 
Let G be a Lie group with finitely many connected components. Then G has a 
maximal compact subgroup K, and X= G/K  is homeomorphic to ira for some d 
(cf. [8, XV.3]). If F is a discrete subgroup of G, one knows that F acts properly 
on X; i.e., if CcX  is compact, the set {yeF]yCtqC: / :O} is compact. One shows 
easily that the isotropy group F x of x ~ X is finite, and that each x e X has a neigh- 
borhood U such that yUf3 U=0 for y~F-F  x. 
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Suppose that F is virtually torsion-free. Then one has the bound 
vcd F< d 
([3, VIII. 11]; [11, p. 114]). In this section, we show that one may drop the 'virtually 
torsion-free' assumption if one replaces virtual cohomological dimension with the 
generalized cohomological dimension. The proof uses the machinery of equivariant 
sheaf cohomology, for which one may consult [6], [10], or [13]. We will review the 
basic ideas in order to establish notation. 
Let X be a space, z¢ a sheaf of abelian groups on X, G a group acting on X. ~¢ 
is a G-sheaf if there is an action of G on d which is compatible with the action of 
G on X. The group of sections (resp. G-invariant sections) of ~¢ over an open set 
U will be denoted F(U, ~¢) or ~¢(U) (resp. FG(U, ~¢)); the fiber of ~¢ at x~X is a' x. 
The functor F° (X , - )  maps G-sheaves to abelian groups; as the category of G- 
sheaves has enough injectives, we may form the right-derived functors H(X, G, ~¢), 
the equivariant cohomology groups of X. 
Let f :  X~ Y=X/G.  Composing the direct image functor with the invariants 
functors, we obtain a functor f.a from G-sheaves on X to sheaves on Y. Thus, the 
sections of f.a(a¢) over an open set UC Y are the G-invariant sections of ~¢ over 
f - l (U) .  The fight-derived functors of f,a are denoted ~*(G, - ) .  
Finally, recall that the (sheaf-theoretic) ohomological dimension of X is 
cdX=sup{kIHk(X,~)~O, ~¢ a sheaf on X}. 
(3.1) Lemma. Let G be group acting properly on a paracompact locally Euclidean 
space X of dimension d (thus, every x e X has a neighborhood homeomorphic to
a ball in ~a). Then cd X/G<_d. 
Proof. As cohomological dimension is a local property for paracompact spaces {5, 
4.14.1], it is evident hat: (1) cdX<_d and (2) it suffices to show that X/G is locally 
of cohomological dimension d. Let yeX/G,  xe f - l (y ) ,  where f :  X-}X/G is the 
canonical projection. Let U be a neighborhood of x homeomorphic to a ball in [R a, 
such that gUCIU=O for geG-Gx.  Passing to ~geoxgU if necessary, we may 
assume that U is stable under Gx. Clearly, fly: U-~f(U) is just the orbit map 
U-~ U/Gx. 
We are therefore reduced to proving the lemma for X an open set in [R d and G 
finite. In this case, the result follows from a result of Quillen [10, A.11] (which in 
fact works for X paracompact of dimension d and G a compact Lie group). [] 
(3.2) Theorem. Let F be a discrete subgroup of G, where G is a Lie group with 
finitely many connected components. Let K< G be a maximal compact subgroup, 
X= G/K= ~d. Then 
cd/" -  d. 
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Proof. We begin with the equivariant cohomology spectral sequences [6, 5.2.1]: 
E~ 'q --'- HP(X/F, ~q(F, ~) )  = [-tP+ q(x, f', ~) ,  
E~ 'q= HP(f  ", Hq(X, J ) )  = HP+ q(x, F, ~/). 
As X is acyclic, we have 
Hq(x,  d )  = ~0, q > 0 
(. F(X,d) ,  q=0. 
The second spectral sequence therefore collapses, and we have a temporary nota- 
tional monstrosity, 
H"(X,F,d)=Hn(F,F(X,d))  for all n. 
Let d be the constant sheaf associated to a F-module M. Then F(X, d )=M,  and 
the first spectral sequence is 
(.) HP (X/F, J~fq (l~ 5~¢ ) ) = H p + q ( l~, M). 
As F acts properly on X, we may apply Lemma 5.3.1 of [6]: for y ~X/F  and 
x~f- l (y )  (where f :  X~X/F  is the projection), 
~n(l-', d)y = Hn(Fx, dx) = Hn(Fx, M). 
Recall that the isotropy groups {Fx}x~X are finite. Now let M= Homz(N, F),  
where N and F are F-modules, F is F-free, N is Z-free, and F acts diagonally on 
Hom~(- ,  - ) .  We have 
Hn(Fx, M) =H"(F~, Homz(N,F)) =Ext~,x(N,F ) =0 for n>0,  
since cd Fx = 0. The spectral sequence (,) now collapses to yield 
Hn(1 -', M) = Hn(X/F, Y°(I", d )  = Hn(X/F,f.rd). 
By (3.1), the last term dies for n > d, and 
Hn(l ', M) = H"(F, Homz(N, F)) = Ext,(N, F). 
Hence, cd F___ d. [] 
Final remarks. Tom Gedrich (thesis, Queen Mary College, 1984) has recently de- 
fined several homological invariants which seem to be related to cd and hal. For 
these invariants, he has obtained numerous results on solvable groups like those of 
Section 2, as well as some very strong bounds for extensions. 
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